We show that surface second-harmonic generation (SHG) with focused Gaussian vector beams can be described in terms of effective Mie-type multipolar contributions to the SHG signal even in the electric dipole approximation of constitutive relations. Traditionally, Mie-type multipoles arise from field retardation across nanoparticles. In our case, the multipolar light-matter interaction is due to excitation with Gaussian vector beams and the tensorial properties of the SH response. As different multipoles have different radiative properties, we demonstrate the presence of multipoles by measuring strongly asymmetric SH emission into reflected and transmitted directions from a nonlinear thin film with isotropic surface symmetry, where symmetric emission is expected using traditional formalisms based on plane-wave excitation. The proposed multipole approach provides a convenient way to explain the measured asymmetric emission. Secondly, we generalize the treatment beyond the electric dipole approximation and propose that analogous vector excitationinduced multipolar effects could also occur in the microscopic light-matter interaction. Our results may allow new possibilities to designing confined and thin nonlinear sources with desired radiation patterns.
INTRODUCTION
The optical responses of materials are in general described by convolutional integrals of the non-local material response function and the total field, causing mathematical complications 1 . A common simplification is to use an approximation where only electric-dipole (ED) interactions between light and matter are considered, as the higher multipole contributions to the interaction are usually much weaker. However such multipole contributions, for example due to magnetic dipoles and electric quadrupoles, are needed to explain several optical phenomena, such as optical activity of chiral materials or selection rules in spectroscopy 2 .
In nanostructured materials, multipolar effects can arise from two different sources. The first originates from the atomiclevel description of the light-matter interaction (LMI) with the corresponding Hamiltonians 2 . The second is purely macroscopic in origin and arises from the Mie solutions to the Maxwell's equations where effective multipoles are due to retardation of the excitation field in the presence of finitely-sized nanoparticles 3, 4 . The multipolar contributions can become considerable especially when the spatial dimensions of the material constituents are comparable to wavelength, as some recent nonlinear studies have shown [5] [6] [7] [8] . But better understanding and mathematical methods for such interactions is still needed to properly utilize them in applications, for example in enhancing the directionality of optical antennas 9, 10 .
Multipolar LMIs are also important in nonlinear optics (NLO), since second-order effects are forbidden from centrosymmetric materials within the ED approximation 11 . Second-order effects, such as second-harmonic generation (SHG), can occur in centrosymmetric bulk materials only due to weak magnetic or quadrupolar contributions, in practice restricting the possible materials for NLO. On the other hand, second-order effects are always allowed at interfaces and surfaces 12 , which has made the separation of these ED allowed surface contributions from the multipolar bulk contributions extremely difficult. Only recently, the separation has been performed in an unambiguous and quantitative way showing hope for the future 13, 14 .
In this paper, we show how ED-allowed effective multipolar effects can arise when focused vector beam excitation is used. We measure strongly asymmetric transmitted and reflected SHG (5-fold difference) from a thin silicon nitride (SiN) sample, where traditional scalar treatment predicts symmetric emission. We interpret the result in terms of Mietype multipolar effects, which originate from the focused vector excitation. We show how higher-order Gaussian beams could be used to engineer the demonstrated multipolar effects even in the weak focusing regime. Finally, we generalize our treatment to microscopic LMI and propose that similar multipolar effects could also occur for samples closer to point-like sources.
THEORY

Mie-type Multipoles due to spatially confined excitation
We start our theoretical treatment by writing the second-harmonic (SH) source polarization for a single frequency  in a general convolutional form
where E is the total field at the fundamental frequency /2,   is the second-order susceptibility tensor and r = (x,y,z) is position vector in Cartesian coordinates. We restrict our treatment to surfaces only, and define the xy-plane of interest by z = 0. In the ED approximation, is local, i.e. independent of r 1 and r 2 , and Eq. (1) simplifies into .
This form is traditionally used in NLO, and next we show how effective multipoles can arise also in this description when the spatially-varying incident field is properly considered 16, 17 . We follow our recently proposed approach 18 , and assume that the source polarization can be expressed using Helmholtz decomposition
where P i is the irrotational (curl-free) and is the solenoidal (divergence-free) part. This Eq. (3) provides understanding for our experimental results as the symmetry properties of the two terms are different 1 . Therefore, the different terms can give rise to interference effects (e.g. directionality or asymmetry) in the emission, and it can also be shown that the solenoidal part is needed to obtain NLO responses of magnetic character 18 .
The next step is to introduce some means to control the relative strength of the non-zero solenoidal term in the source polarization of Eq. (3). One approach would be to use Hermite-Gaussian (HG) or Laguerre-Gaussian (LG) beams of different orders. Different modes can be generated from the fundamental beam by using 19, 20 ,
for HG beams where n and m denote the different order of the beam and w 0 is beam waist. Similarly, LG beams can be generated using ,
where k is the wavenumber and is the fundamental LG mode. Since fundamental modes are even in both x and y, the next higher mode will be odd in x and y and so on. Therefore, two beams with properly chosen mode orders could be utilized to engineer the solenoidal term.
Our approach follows a similar idea, but is simpler to demonstrate experimentally. We use strongly focused vector Gaussian beams, where the localization of light at the focal plane gives rise to relatively strong longitudinal field 19 . The longitudinal field also necessarily has different symmetry than the transverse components. This can be seen by assuming a fundamental x-polarized HG beam under paraxial approximation and applying zero divergence condition for the field. Then we get 19 .
From Eq. (6) one can see that if the transverse x-polarized part is even in x then the longitudinal part is odd. The opposite would occur if a next higher-order mode were used. Similar argumentation holds also beyond paraxial approximation when the fields are more rigorously calculated using the angular spectrum representation 19 . Therefore, a non-zero solenoidal term is expected also when using focused vector Gaussian beam excitation, provided that the second-order susceptibility contains tensor components, which depend on both x and z field components and preserve the asymmetry. Perhaps the simplest sample with the right kind of susceptibility tensor is an isotropic surface sample which has non-zero susceptibility components of zzz, zxx=zyy and xxz=xzx=yyz=yzy. The zzz and zxx=zyy contribute to the irrotational and xxz=xzx=yyz=yzy contribute to the solenoidal terms in giving rise to directional SHG even from a thin sample.
Microscopic multipoles due to the spatially confined excitation
In the previous section we showed how multipolar effects can occur in the ED-allowed LMI, and in the next section we show the related experimental results. But the treatment corresponded to an effectively macroscopic picture, where the excitation field interacts with a sample of macroscopic size and multipolar effects occur. Now we return to the general form of Eq. (1), which describes the non-local second-order polarization at point r. We term this picture as a microscopic picture of LMI, where multipolar effects occur due to the non-locality of the LMI. Next we show how our approach can also provide insight to this microscopic picture.
Traditionally the non-local responses of Eq. (1) are treated by taking a series expansion and dividing the integral into various multipolar terms, which have well-defined symmetry properties with respect to parity (oddness/evenness) and time (symmetric/anti-symmetric) and radiate accordingly 1 . The different radiation properties also make possible to separate the contributions from various terms, as has been demonstrated using metal nanoparticles 21 as well as bulk materials 22 . But equally correct approach would be to numerically calculate the non-local polarization directly using Eq. (1). Such an approach can be made numerically more efficient by using Fourier transforms (FTs) and convolution theorem in the spatial frequency domain 15 . As the derivation of the spatial frequency domain description of polarization in Ref. [15] is quite compact, we now show the full derivation. We start by using the commutation property of the convolution to write Eq. (1) as ,
to emphasize that in our approach the non-locality of the LMI is contained in the E-field distributions, and that the susceptibility is kept local. Next, we define the FT and inverse FT of the incident field as ,
,
where is the wave vector and double integrations over ( ) and (x,y) are implied. Using Eq. (8) and the translation property of FT we get , (10) which we can simplify by defining , (11) into form .
To perform the integral we take a FT of the source polarization of Eq. (12) and perform the integration over r ,
.
The final form is gotten by integrating Eq. (14) into ,
where the notation of the arguments in reflects the conservation of momentum in the process. The mathematical form is completely analogous to the traditional form for second-order source polarization in ED approximation [see Eq. (2)]. Therefore, as effective multipolar effects in ED approximation can occur solely due to the vector excitation 18 , Eq. (15) predicts that analogous non-local/multipolar effects should occur in the spatial frequency description. Further work is needed to appropriately design the structure of for the desired emission pattern of SHG.
RESULTS
The experimental setup for measuring the transmitted and reflected SHG is described elsewhere 18 . Briefly, a fs-laser with central wavelength of 1060 nm was focused onto the thin films (~50 nm) of silicon nitride (SiN). The numerical aperture (NA) of the focusing objective was 0.8. The SiN was positioned at the focal plane and reflected and transmitted SHG was collected using the focusing objective and another identical objective at the backside of the sample, respectively. As we were interested in the relative strengths between the transmitted and reflected emissions, the collection efficiencies in both detection arms were calibrated. SHG beams were filtered from the fundamental beam and measured using photomultiplier tubes connected to a photon counting unit.
Simulations were performed using Green's function approach for SHG described earlier 23 . To provide stronger evidence for the effect, we measured and simulated the SHG responses while changing the polarization state of incident beam from linear to circular. The interference effects due to multipolar contributions were expected to be maximized for linear input polarization. Exactly this behavior was measured, as is seen in Fig. (1a) , which shows the measured and simulated SHG signals both in transmitted and reflected directions. To estimate how strongly the used NA for the focusing objective affects the results, we simulated the total radiated power [see Fig.(1b) ] and the ratio of the transmitted/reflected SHG power [see Fig. (1c) ]. 
DISCUSSION
First, we exclude other possible origins for the asymmetric SHG emission. The thickness of the samples was less than /10, and therefore possible phase-matching or Fabry-Perot issues cannot explain the asymmetry. Neither can absorption explain the effect, as the transmitted and reflected emission had also different polarization dependence. On the other hand, our calculations reproduce the polarization behavior perfectly. Neither can SHG from the glass substrate explain the effect, as we did not observe measurable SHG from the substrate even when the excitation power was tripled, which should correspond to 9-fold increase in SHG signal. Therefore, the most plausible explanation are the effective multipolar contributions due to the vectorial excitation.
Then we consider the benefits of our approach. The effective macroscopic multipoles [Eqs. (2) and (3)] are discussed in detail in elsewhere 18 , and therefore we concentrate on the microscopic LMI. Although the non-locality of fields is already visible after the commutation of Eq. (1), representing the source polarization in the spatial frequency domain provides benefits. Firstly, understanding some of the occurring physics is clearer as the integral form of the convolution is transformed into multiplication. The excitation field distributions correspond to propagating HG/LG modes, and hence we know that the functional form of the distributions remains unchanged in the FT. In addition, from the basic properties of FTs we can conclude that tightly focusing the excitation beam its spatial frequency spectrum will broaden and hence stronger non-local responses are expected. Hence, analogous to the demonstrated macroscopic multipolar effects, also microscopic multipolar effects are predicted to occur solely due to the vector excitation.
The multiplicative form also provides straightforward means to engineering the NLO emission of some artificially fabricated NLO material. Provided that one could by nanofabrication affect the form of the susceptibility and understand how it manifests for different samples 24 , one could design some ideal target emission properties, such as directionality, direction or beam shape, and then by some iterative algorithms solve the required . With the recent advances in fabrication of plasmonic NLO nanostructures 25 , this could be possible in plasmonic array structures 26 .
Finally, the computational cost to calculate or using fast Fourier transforms (FFTs) is considerably reduced compared to brute force evaluation of the convolution integral 27 . In addition, the FTs of the excitation fields need to be calculated only once reducing the number of needed FTs. Therefore, the approach might provide useful for developing NLO simulation tools, where microscopic multipolar effects could also be taken into account.
CONCLUSION
We have demonstrated how effective multipolar effects can arise in the electric dipole approximation. The effects arise when the vector nature of excitation fields are properly considered, and therefore effects become stronger when the excitation is more strongly confined. To increase the strength of the effects, we measure second-harmonic generation (SHG) using tightly focused Gaussian beams for excitation and measure strongly asymmetric transmitted and reflected SHG (5-fold difference) from a thin silicon nitride (SiN) sample. Traditional scalar treatment predicts symmetric emission. We interpret the result in terms of effective macroscopic multipolar effects, which due to the vectorial excitation. We propose an approach how higher-order Gaussian beams could be used to engineer the demonstrated multipolar effects even in the weak focusing regime. Finally, we generalize our treatment to microscopic description of light-matter interactions and propose that analogous microscopic multipolar effects could also occur for samples closer to point-like sources. Our results could provide tools to design confined and thin nonlinear sources with desired radiation properties.
